Rough surface scattering problems are always very challenging both theoretically and numerically. In this paper, we adopt the Bloch transform and the perturbation theory to investigate the case that when the rough surface is a slight perturbation of a periodic one. Based on known results from the Bloch transform, the problem could be written into an equivalent bounded variational problem in higher dimensional spaces. The first step is to consider the decomposition of the Bloch transformed total field with respect to non-perturbed surfaces. From the perturbation theory, the solution operator could be written as a Neumann series composed of operators depend smoothly on the quasi-periodicity parameter and functions with singularities. The second step is to consider the slightly perturbed problems, using the perturbation theory again. The key point in the process is the relationship between the Dirichlet-to-Neumann map and the operator generated by the perturbation. With the study of the relationship between these two operators, it is proved that when the Bloch transformed incident field satisfies certain conditions, the problem is equivalent to a modified one, and the regularity of the Bloch transformed incident field is transferred directly to the Bloch transformed total field.
Introduction
We analyse time-harmonic scattering problems from slightly perturbed periodic surfaces in twoor three-dimensional spaces. The scattering problems are modelled by Helmholtz equations above impenetrable slightly perturbed periodic surfaces. Ignoring the periodicities, the problems are scattering problems from rough surfaces, which have been investigated by a lot of mathematicians. This is a very interesting and challenging topic for both theoretical and numerical analysis in the past 30 years. Both the integral equation method (see [CWR96, CWZ98, CWZ99, ZCW03] ) and variational method (see [CM05, CE10, HL11, Li12] ) have been adopted to investigate the wellposedness of the scattering problems and develop numerical methods. However, for slightly perturbed periodic surfaces, the periodicity might be an advantage for the analysis of the scattering problems. If there is no perturbation, the problem is closely related to quasi-periodic scattering problems, which have been well studied by many mathematicians in the past few years. With the help of a quasi-periodic framework which was established for these problems, this kind of problems could be analysed and solved numerically in a classical way, see [Kir93, BBS94, ES98, EY02] . A method that could set up a relationship between the periodic scattering problems with slightly perturbations and non-perturbed problems might be a useful tool to the analysis of these problems.
A Floquet-Bloch transform based method has been applied to the analysis of solutions of Helmholtz equations in a locally perturbed periodic medium in [Coa12] . Based on this method, a coupled system of volume integral equations has also been established for scattering problems by locally perturbed periodic layers in [HN16] . In [LN15, Lec17] , the Floquet-Bloch transform has been applied to the analysis of the scattering problems from (locally) perturbed surfaces. Based on this method, convergent numerical methods have been introduced to solve scattering problems in two and three dimensional spaces, see [LZ17a, LZ17c, LZ17b] . Moreover, this method has also been applied to the numerical analysis of rough surface scattering problems (see [Zha18a] ) and multiple periodic layers with different periodicities (see [Zha18c] ).
The Bloch transform builds up a bridge between the unbounded problem in R d (d = 2, 3) and the problem in a bounded domain in R d−1 × R d , where the quasi-periodicity parameter belongs to a bounded domain in R d−1 . The decaying property of the unbounded problems is closely related to the regularity of the Bloch transformed problems with respect to the quasiperiodicity parameter. It is proved that when the incident field belongs to the weighted Sobolev space H 1 r defined on the unbounded domain, the scattered field also belongs to the H 1 r -space for |r| < 1. Unfortunately, for r ≥ 1, the regularity could not be better than H 1 1 for general setings. Moreover, for the commonly used finite section method for the numerical simulation (see [CE10] ), the computational complicity relies greatly on the decaying property. In this case, when we need numerical solutions with sufficiently small relative errors, the computation will be very time-consuming and will take up a lot of memory space. Thus a more detailed regularity property is required to improve the numerical method. Inspired by [Kir93] , a decomposition of the Bloch transformed field has been established for two dimensional scattering problems from locally perturbed periodic surfaces in [Zha17] and a high order numerical method has been developed based on the decomposition in [Zha18b] .
In this paper, we will prove that for slightly perturbed periodic scattering problems with incident fields in certain spaces, the decaying of the incident field is transfered directly to the scattered field. From [Zha17] , the square root like singularity in the quasi-periodic Dirichlet-toNeumann map could bring the singularity to the Bloch transformed field. Thus a natural idea is to split the Dirichlet-to-Neumann map into two parts, i.e., a smooth part and a singular part. With the help of the perturbation theory and the Neumann series, a decomposition of the Bloch transformed field could be established for scattering problems with periodic surfaces in two-and three-dimensional spaces. The next step is to extend this result to slightly perturbed periodic surfaces. Following [Lec17] , the problem is written into a coupled system of the quasi-periodic scattering problems. When the perturbation is small enough, the problem is still uniquely solvable and solution could be written as a Neumann series. At the end of this paper, we will prove that when certain conditions are satisfied, the decaying rate of the incident field could be transferred to that of the scattered field.
The rest of this paper is organized as follows. In Section 2, the mathematical formulation and well-posedness of the rough surface scattering problems are described. In Section 3, we apply the Bloch transform to the variational formulation. In Section 4, we introduce the modified periodic scattering problems and establish the decomposition of the Bloch transformed total fields. Based on the results in Section 5, we establish the final result, i.e., the regularity property of the Bloch transformed total fields of the scattering problems from slightly perturbed periodic surfaces.
Rough surface scattering problems
In this section, we recall the mathematical modal and well-posedness of the scattering problems from rough surfaces in R d where d = 2, 3, in weighted Sobolev spaces. The results have been described in the papers [CM05, CE10] .
For simplicity, we introduce the following notations first. Let x = (x 1 , . . . , x d ) ⊤ be any point in R d with x j ∈ R for j = 1, . . . , d, then define the point in R d−1 by x := x 1 for d = 2 or x = (x 1 , x 2 ) ⊤ for d = 3. Thus for both d = 2 and d = 3,
Let ζ : R d−1 → R be a bounded function, then it defines a surface in R d :
In this paper, we have to require that the following assumption holds for the functions ζ.
Assumption 1. ζ is a Lipschitz continuous function defined on R. Suppose there is a positive C > 0 such that
Without loss of generality, assume that ζ(t) ≥ c > 0 for any t ∈ R d−1 .
Remark 2. Only in this subsection, ζ is not required to be a periodic function. Let Γ h := R d−1 × {h} be a hyperplane in R d with height h ∈ R. Suppose H is a constant satisfies H > max { ζ ∞ }, then Γ H lies above Γ. Define the domain above Γ by
and the domain with finite height
Suppose the domain Ω is filled up with a homogeneous medium and the surface Γ is impenetrable. Given an incident field u i that satisfies the Helmholtz equation
it is scattered by the surface Γ and produces the scattered field u s . The total field u := u i + u s also satisfies the Helmholtz equation in Ω:
Assume that the total field u also satisfies the homogeneous Dirichlet boundary condition on the boundary Γ, i.e., u = 0 on Γ.
Remark 3. In this paper, only the Dirichlet boundary condition is considered. However, the method adopted in this paper is possible to be extended to problems with different conditions, such as scattering problems from rough surfaces with impedance boundary condition (see [Lec17] ) or from unbounded inhomogeneous mediums.
To guarantee the uniqueness of the scattering problems, the scattered field u s is required to be upward propagating, i.e., it satisfies the so-called angular spectrum representation as the radiation condition (see [CM05] ), i.e.,
where u s is the Fourier transform of u s on Γ H , and k 2 − |ξ| 2 = i |ξ| 2 − k 2 when |ξ| > k. The radiation condition (3) is equivalent to the following boundary condition
where T + is the Dirichlet-to-Neumann map defined by
T + is a continuous operator from H 1/2
(Γ H ) for any |r| < 1 (see [CE10] ). Thus the total field satisfies the boundary condition on Γ
The scattering problem is now turned into a problem that defined in the domain Ω H with a finite height. The weak formulation for the scattering problem is, to find a solution u ∈ H 1 (Ω H ) such that
for any v ∈ H 1 (Ω H ) with compact support in Ω H . The variational problem could also be analysed in the weighted Sobolev space H 1 r (Ω H ).
Remark 4. The tilde in H 1 r (Ω H ) shows that the functions in this space belong to H 1 r (Ω H ) and satisfy homogeneous Dirichlet boundary condition on Γ. Similar notations are utilized for other spaces, e.g.,
From [CE10] , the unique solubility of the variational problem 6 has been proved in weighted Sobolev spaces.
for the variational problem (6).
The Bloch transformed problem
In this subsection, we apply the Bloch transform to the scattering problems with globally perturbed periodic surfaces. Suppose Λ ∈ R (d−1)×(d−1) and from now on, ζ is a Λ-periodic surface. Let ζ p := ζ + p be a global perturbation of ζ. In this case, the domain Ω H is Λ-periodic in x-direction. Define the periodic cell
With the dual matrix Λ * := 2π(Λ ⊤ ) −1 , we can also define its dual cell
Now we can define Γ Λ H and Ω Λ H , which are Γ H and Ω H restricted in one periodic cell W Λ × R, i.e.,
Similar to the definition of Ω and Ω H , we can define the domains above Γ p
Let Θ p be a diffeomorphism that maps Ω
to Ω H 0 for some ζ ∞ < H 0 < H, and extend
Remark 6. With Assumption 1, we can always find a diffeomorphism Θ, such that Θ p and Θ −1 p are both Lipschitz continuous in Ω H . An example for the definition of Θ is
for some positive integer m ∈ N + , and then extend it by the identity operator I when
The smoothness of Θ p could be decided by the integer m.
Let the transformed total field
where
From the definitions of Θ p , A p and c p , the supports of both A p − I 2 and c p − 1 are subsets of Ω H 0 . Use the property of the Bloch transform, let
, the variational form is equivalent to
where T + α is the α-quasi-periodic Dirichlet-to-Neumann operator from H 1/2
where I 2 is the 2 × 2-identity matrix. The right hand side is defined by
. The equivalence, well-posedness and regularity results could be obtained in the similar way of [LZ17b, Zha18a] , thus we list them without proof.
Theorem 7. Assume that f ∈ H −1/2 r (Γ H ) and ζ is Lipschitz continuous.
where ·, · is the inner product defined in the space
, and A + B p has a bounded inverse when ζ, ζ p are Lipschitz continuous. Note that, when the surface is ζ, i.e., p = 0 in R d−1 , the operator B 0 is a zero operator. In this case, the operator A is also invertible.
For any r ∈ R and F ∈ H r 0 (W Λ * ; H −1/2 α (Γ Λ H )), the right-hand-side in (9) is a conjugate linear functional in the Sobolev space
Moreover, if F (α, ·) = 0 when α belongs to an open domain I ⊂ W Λ * , G(α, ·) = 0 for any α ∈ I. This is easily proved by choosing test functions that are supported in any open subset of I. Thus the variational form becomes
Scattering by periodic structures
In this section, we consider the scattering problems from periodic Lipschitz surface. Let Γ be the an impenetrable non-perturbed periodic surface, then the variational formulation for the Bloch transformed field has a simplified form:
We will begin with the α-quasi-periodic scattering problems. For any G ∈ H r 0 (W Λ * ; H α (Ω Λ H )) where r ≥ 0, G(α, ·) exists for almost all α ∈ W Λ * . For any α ∈ W Λ * such that G(α, ·) exists, consider the solution of the equation
for any w α and z α ∈ H 1 α (Ω Λ H ). The invertibility of A α could be concluded in the following theorem.
Theorem 8. Suppose Γ is the graph of a Lipschitz continuous (bi-)periodic function, then for any α ∈ W Λ * , the operator A α in invertible. Moreover, both the operator A α and the inverse operator A −1 α depend continuously on α.
The proof follows the arguments in [BBS94, ES98, EY02], for details we refer to Theorem 4 in [LZ17a] for two dimensional cases and Lemma 3 (a) in [LZ17c] for three dimensional cases. For any fixed k > 0 and d = 2 or 3, there is a constant C k,d > 1 that is independent on α such that C
In [Zha18b] , by adopting similar method introduced in [Kir93] , it was proved that when G has higher regularity with respect to α, we have a decomposition of the Bloch transformed field w. For convenience, we define the discrete set that depends on k and Λ * :
It is proved in [Zha18b] that, for problems in two-dimensional spaces,
• if G depends analytically on α, then w(α, ·) depends analytically on α ∈ W Λ * \ S; for any α 0 ∈ S, there is a small enough ε > 0 s.t. ∀α ∈ B(α 0 , ε) such that w(α,
where v 1 (α, ·), v 2 (α, ·) depends analytically on α. In this section, we will describe the decomposition explicitly in Sobolev spaces in R d . To this end, we will introduce a modified problem first.
Modified quasi-periodic problems
From the representation of T + α , the dependence of the operator on α is Hölder-continuous due to the term k 2 − |Λ * j − α| 2 in the neighbourhood of S. Note that k 2 − |Λ * j − α| 2 depends analytically on α in any open subset of W Λ * \ S, we only have to modify the coefficients in the neighbourhood of S. For a fixed small ε > 0, let X ε (t) be the smooth cut-off function such that
smooth, otherwise, then we can define the modified α-quasi-periodic Dirichlet-to-Neumann map by
where c
As X ε (|Λ * j − α| − k) equals to 0 when k − |Λ * j − α| >> 0, it is easy to prove that T ε α is a continuous operator from H 1/2
The difference between the original Dirichlet-to-Neumann map T + α and the modified one T ε α is estimated in the following lemma.
Lemma 9. Given any small enough ε > 0, the operator norm of T + α − T ε α is bounded by
where C is a positive constant that does not depend on ε and α.
Proof. First, choose any α-quasi-periodic function ϕ ∈ C ∞ (Γ Λ H ). Suppose the function has the Fourier series expansion:
From definitions of the operators T + α and T ε α , the function (T + α − T ε α ) ϕ is represented by
Define the set
then D is a finite set and
is also a finite series. Thus the H −1/2 −norm of the difference is bounded by
.
From the denseness of C
, the result is easily extended to any ϕ ∈ H 1/2 α (Γ Λ H ). Then the norm of the difference operator is bounded by T + α − T ε α ≤ Cε. The proof is finished.
Define the modified the sesquilinear form a ε α (·, ·) on
From Riesz representation theorem, there is an operator A ε α such that
Then (
Thus when ε is small enough, A ε α is also invertible as a small perturbation of the invertible operator A α . Assume that ε > 0 satisfies the following condition.
Assumption 10. ε > 0 is small enough such that A ε α is invertible for all α ∈ W Λ * . In this case, the operator A ε α and (A ε α ) −1 depend continuously on α. Moreover, by adjusting the constant C k,d
slightly, we can also suppose that
The next step is to investigate the derivatives of T ε α with respect to α. For simplicity, we define the multi-index notation first.
Notation. Let ξ = (ξ 1 , ξ 2 . . . , ξ m ) is an m-tuple for some m ∈ N + . Then the absolute value of ξ is defined by
The partial derivative is defined by
, where η = (η 1 , . . . , η m ) ∈ R m .
For some σ = (σ 1 , σ 2 , . . . , σ m ) ∈ N m , define the partial order by
We can also define the relationship " < " by σ < ξ, if σ ≤ ξ and for some j = 1, 2, . . . , m, σ j < ξ j .
If σ ≤ ξ, define the binomial coefficient
By direct calculation, the derivative of the α-quasi-periodic Dirichlet-to-Neumann map has the following representation
where the coefficients c ε α (j, ℓ) are defined for α ∈ W Λ * , j ∈ Z d−1 and ℓ
The property of the derivatives of T ε α is described in the following lemma.
Proof. We only need to consider the case that ℓ
where |Λ| := |det Λ|.
For any fixed ℓ ∈ N d−1 \ {0}, as X ε (|Λ * j − α| − k) equals to one in small neighbourhoods of S, c(j, ℓ) is uniformly bounded for any j ∈ Z d−1 , i.e., there is a constant
From the denseness of
, this inequality also holds for any ϕ and ψ in H 1/2 α (Γ Λ H ). The proof is finished.
With these results, we can prove that the regularity of G(α, ·) could be transferred directly to the solution w ε (α,
Theorem 12. Assume that the function ζ is Lipschitz continuous and (bi-)periodic and Assumption 10 is satisfied.
exists for almost every α ∈ W Λ * . Moreover, w ε belongs to the space H n 0 (W Λ * ; H 1 α (Ω Λ H )) and there is a constant C > 0, which does not depend on α, such that
Proof. Induction. First consider the case that n = 0. As G ∈ L 2 (W Λ * ; H 1 α (Ω Λ H )), for almost every α ∈ W Λ * , from Assumption 10, there is a constant C k,d that does not depend on α such that
For n ≥ 1, suppose the result is true for any ℓ ∈ N d−1 such that |ℓ| ≤ n − 1.
For any ℓ ∈ N d−1 , denote the ℓ-th derivative of w ε by w (ℓ) = ∂ ℓ ∂α ℓ w ε (α, ·). For any |ℓ| ≤ n − 1,
For some ℓ ∈ N d−1 satisfies |ℓ| = n, apply the differential operator ∂ ℓ ∂α ℓ to the equation (13), it is easy to obtain the variational formulation of w (ℓ) (α, ·) for α ∈ W Λ * :
where the operator G (ℓ)
α is defined by
As A ε α is invertible for all α ∈ W Λ * and (A ε α ) −1 depends continuously on α, w (ℓ) (α, ·) exists and
, there is a positive C independent on α such that
) and satisfies (19). By induction, this result holds true for any n ∈ N. The proof is finished.
From Riesz representation theorem again, there is a bounded operator A ε such that
The invertibility of A ε is obtained as a corollary of Theorem 12.
Corollary 13. When the (bi-)periodic surface ζ is Lipschitz continuous, the operator A ε is invertible in
Proof. From Lemma 9, for any α ∈ W Λ * , T ε α is a small perturbation of T + α and T + α − T ε α is uniformly bounded with respect to α ∈ W Λ * . Thus from
when ε > 0 is small enough, A ε is a small perturbation of A. In this case, from the perturbation theory, A ε is invertible in
, the right hand side is integrable in W Λ * . Thus
which implies that w ε solves the variational problem (21). As A ε is invertible in
, w ε is the unique solution of (21) and it belongs to
The proof is finished.
Regularity of the Bloch transformed problems
With the well-posedness of the modified quasi-periodic scattering problems, we can now return to the original problem (13). From the definition of the operators A ε α and T ε α ,
Recall the representation of T + α − T ε α , i.e.,
For any j ∈ D, the term
Then the operator
The first task is to investigate the dependence of N j α on α, for j ∈ D and α ∈ W Λ * . The result is proved in the following lemma.
Lemma 14. The operator N j α depends analytically on α.
Proof. Define the trace operator Υ by
Thus it is a bounded operator and does not depend on α. Let its adjoint operator between Hilbert spaces H 1 (Ω Λ H ) and H 1/2 (Γ Λ H ) be denoted by Υ * , then Υ * is a bounded operator from
H ) to its j−th Fourier coefficient by
This operator is bounded that depends analytically on α. Let F j α * be the adjoint operator of
Thus the operator has the decomposition
As Υ is independent on α and F j α depends analytically on α, the operator N j α also depends analytically on the parameter α.
As N j α is uniformly bounded and k 2 − |Λ * j − α| 2 ≤ 2kε in the support of X ε (|Λ * j − α| − k), when ε is small enough, the inverse operator A −1 α , which is a small perturbation of (A ε α ) −1 , could be written as a Neumann's series:
In [Lec17] , it is proved that when G(α, ·) vanishes in a neighbourhood of S, the Bloch trans
As supp(A p − I 2 ) and supp(c p − 1) are subsets of Ω H 0 where max{
From the definition of A and A α , for any α ∈ W Λ * and ϕ ∈ H r 0 (W Λ * ;
As A α is invertible, the inverse operator also satisfies the same property, i.e.,
The next step is to apply A −1 α to (B p ϕ) (α, ·). Recall the expansion of A −1 α in (23), then
Note that for any term in series on the right, the last operator is
Apply the second term on the right to (B p ϕ) (α, ·), the result is always 0. Then
Thus the following relationship holds
The result is easily extended to any ϕ ∈ H r 0 (W Λ * ; H 1 α (Ω Λ H )) by the denseness. The proof is finished.
With the result introduced in Lemma 22, the Neumann series of (A + B p ) −1 has the equivalent form, i.e.,
The we could arrive at the following theorem.
Suppose Ω ⊂ R d is Λ-periodic in x-direction, i.e., for any x ⊤ = ( x ⊤ , x d ) ∈ Ω, the translated point x+ . The Bloch transform is well-defined for any smooth function with compact support, and could be extended to more generalized Sobolev spaces.
Remark 26. The periodic domain Ω is not required to be bounded in x d -direction.
We can also define the weighted Sobolev space on the unbounded domain Ω by For any ℓ ∈ N, s ∈ R, we can also define the following Hilbert space by
and extend the index ℓ ∈ N to any r ∈ R by interpolation and duality arguments. The space H r 0 (W Λ * ; H s α (Ω Λ )) is the subspace of H ℓ (W Λ * ; H s (Ω Λ )) such that all functions in the space is periodic with respect to α and quasi-periodic with respect to the second variable. The following properties for the d-dimensional (partial) Bloch transform J Ω is also proved in [Lec17] .
Theorem 27. The Bloch transform J Ω extends to an isomorphism between H s r (Ω) and H r 0 (W Λ * ; H s α (Ω Λ )) for any s, r ∈ R. Its inverse has the form of ψ(α, x)e iα·Λj dα , x 1 ∈ Ω Λ , j ∈ Z, and the adjoint operator J * Ω with respect to the scalar product in L 2 (W Λ * ; L 2 (Ω Λ )) equals to the inverse J −1 Ω . Moreover, when r = s = 0, the Bloch transform J Ω is an isometric isomorphism.
Another important property of the Bloch transform is the commutes with partial derivatives, see [Lec17] . If u ∈ H n r (Ω) for some n ∈ N, then for any γ = (γ 1 , . . . , γ d ) ∈ N d with |γ| =≤ N ,
Remark 28. The definition of the partial Bloch transform could also be extended to other periodic domains, for example, periodic hyper-surfaces. If Γ is a Λ-periodic surface defined in R d , then we can define J Γ in the same way, and obtain similar properties. In this paper, we will denote the Bloch transform J X by the partial Bloch transform in the domain X ⊂ R d , which is periodic with respect to x-direction.
Remark 29.
There is an alternative definition for the space H r 0 (W Λ * ; X α ), where X α is a family of Hilbert spaces that are α-quasi-periodic in x. Let 
